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The uncertainty principle, first introduced by Heisenberg in inertial frames, clearly distinguishes
quantum theories from classical mechanics. In non-inertial frames, its information-theoretic ex-
pressions, namely entropic uncertainty relations, have been extensively studied through delocalized
quantum fields. However, measurements are infeasible on a delocalized quantum field, as field ex-
citations could be created anywhere in spacetime. Building on advances in quantum field theories
and theoretical developments in quantum memories, we demonstrate the uncertainty principle in the
presence of localized fermionic quantum fields inside cavities. Here bounds for entropic uncertainty
relations in localized fermionic quantum fields are given in terms of the Holevo quantity, which
immediately implies how acceleration of agents affects the monogamy of entanglement in tripartite
systems.
I. INTRODUCTION
Quantum mechanics offers us a new way to transform
information, i.e., encoding information with the help of
the state of a quantum system at a given time and decod-
ing information through the implementation of measure-
ments, which raises the curtain of quantum information
theory. Besides the advantages provided by quantum me-
chanics, quantum mechanics also imposes strict restric-
tions on what we can gain from the measurements. These
restrictions are known as Heisenberg uncertainty princi-
ple, which lies at the heart of quantum theory. A decade
ago, entropic uncertainty relations including quantum
memories, which allows entanglement with a measured
system, was introduced [1] and paved the way to applica-
tions involving entanglement witnesses and quantum key
distribution [2]. In particular, the entropic uncertainty
relation of tripartite systems quantifies the information
tradeoff for two incompatible observables stored in two
separate quantum memories [3] and reveals monogamy
of entanglement, which lies at the centre of the debate of
fundamental puzzles such as black-hole paradox [4].
Relativistic quantum information is a fast-growing field
that hopefully could explain these puzzles [5–10]. Rel-
ativistic effects on entropic uncertainty relations with
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quantum memories has been extensively studies for bi-
partite systems [11–15], but some important aspects are
infeasible. On the one hand, previous work on uncer-
tainty relations under relativistic effects are based on de-
localized quantum fields, whose excitations could thus be
created anywhere in the whole universe. Regarding this
point, applying operations on quantum information over
all spacetime for a point-like observer is unexplained. On
the other hand, the acceleration horizon under the Unruh
effect exists only when an observer accelerates from the
asymptotic past to the asymptotic future [16]. In this
setting, how to describe observer’s motion if the observer
only accelerates until the measurements are performed
has not been made clear. Therefore, in order to analyze
the relativistic effects on uncertainty relations clearly, we
need to localize quantum-field information.
In addition to these gaps in knowledge, multipartite
uncertainty relations for non-inertial frames have not
been investigated yet. Previous lower bounds of en-
tropic uncertainty relations for tripartite systems are
state-independent [3], which do not depend on relativistic
motion of quantum memories. For puzzles like the black-
hole paradox, relativistic effects on bipartite uncertainty
relations must be generalized to the case of multipartite
systems.
Therefore, our aim in this paper is to investigate mul-
tipartite entropic uncertainty relation for localized quan-
tum information in non-inertial frames. Here we focus
on fermionic quantum fields localized in rigid cavities,
which can be accelerated. The length of a rigid cavity is
immune to relativistic effects during acceleration, due to
different accelerations of two walls of the cavity [17]. For
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2simplicity, we consider spinless (spin-polarized) fermions
confined in one-dimensional optical lattice inside cavities.
This can be accomplished by cooling unpolarized inter-
acting fermions in optical lattices across different cavities,
where they spontaneously form a Mott insulating state
(i.e., with one fermion per cavity) characterized by anti-
ferromagnetic spin correlations [18–20]. Then, we select
one spin component by applying a global resonant laser
pulse [20, 21] and an external magnetic field. However,
we wish to use fermionic Fock space to encode quantum
information which requires us to allow fermions to hop
between cavities.
The model of an accelerating cavity has been used to
study relativistic effects on quantum entanglement [17,
22, 23], quantum teleportation [24], quantum secret shar-
ing [25] and quantum clock [26]. Here we combine the
transformation of localized fermionic fields in non-inertial
frames with multipartite entropic uncertainty relation to
formulate a relativistic protocol.
Our protocol is depicted in Fig. 2, where the cavities,
serving as quantum memories go through relativistic mo-
tion [3]. We offer an irreducible bound for entropic un-
certainty bound in terms of Holevo quantities for multi-
partite systems for quantum information stored in accel-
erating quantum memories. The difference between un-
certainty and its lower bound is independent of the accel-
eration of quantum memories, whereas the lower bound
itself changes with acceleration. We find that, as en-
tanglement between Alice and Bob increases, Bob has a
higher possibility of guessing Alice’s outcome correctly
in case Alice measures M1, whereas the possibility for
Charlie to have a good guess in case Alice measures M2
decreases, yielding a non-zero lower bound for the uncer-
tainty relation.
In what follows, we first briefly review background of
entropic uncertainty relations with quantum memories
and evolution of fermionic quantum fields inside acceler-
ated cavities in §II, and then give a detailed introduc-
tion to our relativistic protocol and new lower bound
in §III. We present a specific case of the protocol and
show our calculation results in §IV. Finally, we discuss
our results in §V and provide future lines of research
in §VI. The proofs of our new bound are given in the
Appendix. Throughout this paper, we use units in which
c = ~ = 1 and base-2 logarithms.
II. PRELIMINARIES
In this section we give a review of entropic uncertainty
relation, especially the results in relativistic case, after
which we review the physical model used in this paper,
namely a fermionic field inside an accelerating cavity.
A. Entropic uncertainty relation in relativistic
systems
Here we provide a brief review of entropic uncertainty
relation with quantum memories and its development
in relativistic systems. An entropic uncertainty relation
with quantum memories was first introduced for entan-
gled bipartite systems [1].
Suppose there are three agents, Alice, Bob and a
dealer. The dealer prepares an entangled bipartite state
ρAB, and sends subsystem A to Alice, and subsystem B
to Bob. Subsystem B is regarded as a quantum memory
of subsystem A, from which, Bob can access information
of Alice’s subsystem. Alice randomly chooses to measure
either observable M1 or observable M2 on n-dimensional
Hilbert space HA. While broadcasting her measurement
choice to Bob, Alice keeps the measurement outcome con-
fidential. Bob’s uncertainty about Alice’s measurement
outcome can be expressed as the summation of condi-
tional entropies
H(Mi|B) := H(ρMiB)−H(ρB), i ∈ {1, 2}, (1)
where H(ρ) denotes the von Neumann entropy of ρ and
the post-measurement state ρMiB, which is obtained by
implementing the measurementMi on Alice’s system, be-
comes
ρMiB :=
n∑
j=1
(|uij〉 〈uij | ⊗ 1)ρAB(|uij〉 〈uij | ⊗ 1). (2)
Here we use |uij〉 to denote the jth eigenvector of Mi.
With these notations, we are now in the position to for-
mulate the uncertainty relation in the presence of quan-
tum memory, namely
H(M1|B) +H(M2|B) ≥ log 1
c
+H(A|B), (3)
with
c = max
i,j
| 〈u1i |u2j 〉 |2, (4)
denotes the maximal overlap between the eigenvectors of
M1 and M2, and
H(A|B) := H(ρAB)−H(ρB) (5)
is the conditional entropy quantifying the side informa-
tion B possesses about A. As a consequence of Eq. 3, we
know that the bipartite entanglement shared between Al-
ice and Bob can reduce Bob’s uncertainty about Alice’s
measurement outcome.
To further investigate the interconnections between en-
tanglement theory and uncertainty principle, let us con-
sider the case with entanglement distributed in a tri-
partite system. More precisely, we consider four agents,
named Alice, Bob, Charlie and a dealer. The dealer pre-
pares a state ρABC and distributes A system to Alice, B
3system to Bob and C system to Charlie. Alice mea-
sures either M1 or M2 at subsystem A and broadcasts
her choice to Bob and Charlie. The ability of Bob and
Charlie to infer Alice’s measurement outcome correctly
is limited by [3]
H(M1|B) +H(M2|C) ≥ log 1
c
. (6)
Remarkably, the bound (6) not only expresses the uncer-
tainty principle but also monogamy of entanglement [3].
In recent years, entropic uncertainty relations are stud-
ied in relativistic systems with delocalized fields [11–15].
In this context bipartite entropic uncertainty relations for
non-inertial frames depend on the acceleration of quan-
tum memory in non-inertial frames due to the Unruh
effect [11]. When acceleration increases, uncertainty in-
creases due to degradation of entanglement. The result
is applicable to the uncertainty relation for Hawking ra-
diation of a Schwarzschild black hole [12, 14, 15].
A new lower bound was derived for a bipartite entropic
uncertainty relation in the presence of quantum memory
via the Holevo quantity [15]. This new lower bound is
advantageous, because as the memory accelerates, the
difference between total uncertainty and its lower bound
remains independent of acceleration. Their uncertainty
relation is
H(M1|B) +H(M2|B)
≥ log 1
c
+H(A)− J (B|M1)− J (B|M2), (7)
where
J (B|Mi) = H(ρB)−
n∑
j
pijH(ρB|uij ), (8)
ρB|uij = 〈u
i
j | ρAB |uij〉 /Tr(〈uij | ρAB |uij〉), i ∈ {1, 2}, (9)
and pij is the jth eigenvalue ofMi, respectively. J (B|Mi)
is the Holevo quantity for the quantum memory B about
the measurement outcomes of Mi, which reveals how
much information can be encoded in a quantum system.
B. Relativistic quantum information in cavities
After introducing entropic uncertainty relations and
their applications to relativistic systems, we briefly re-
view the effect of acceleration on a fermionic field inside
a cavity, which has been well-studied during this past
decade [17, 22, 23].
The cavity trajectory we focus on is called the basic
building block (BBB), which enables studying any arbi-
trary non-uniform trajectory [17]. As shown in Fig. 1,
the whole trajectory comprises three steps. Initially, the
cavity is at rest in region I. After t ≥ 0, the cavity ac-
celerates with constant acceleration for a certain time in
region II. In region III, the cavity stops accelerating and
t
x
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FIG. 1. The thick lines show a BBB trajectory of a cavity with the
proper length x2−x1, where x1 and x2 are the spatial coordinates
of the left and right walls of the cavity at time t = 0, respectively.
The proper acceleration at the center of the cavity is a = 2
x1+x2
.
The thick lines are world lines of the left and right walls of the
cavity are depicted, they include three parts. The dashed line η1
is Rindler time.
moves uniformly. The BBB transforms from an inertial
cavity, back to an inertial cavity, with a single intermedi-
ate period of uniform acceleration. The transition of the
fermionic quantum field inside the cavity from inertial re-
gion to uniformly accelerating region can be represented
as a linear transformation of the modes, called the Bo-
goliubov transformation [17].
Here we illustrate the Bogoliubov transformation in
detail. Specifically, the quantum field inside the cavity
of our protocol is a spinless fermionic field, so we fo-
cus on the transformation of fermionic fields. Modes of
the field {ψ1k} are classified by positive and negative fre-
quency with respect to (the future-directed Minkowski
Killing vector) ∂t [6].
In region I, the field can be expanded as
ψ1 =
∑
k≥0
aˆkψ
1
k +
∑
k<0
bˆ†kψ
1
k, (10)
where aˆk is the annihilation operator of a positive mode
and bˆ†k is the creation operator of a negative mode.
Different modes of a fermionic field satisfy the anti-
commutation relation{
ψk′ , ψ
†
k
}
= δk′k1, (11)
and the creation and annihilation operators also have
anti-commutation relations{
aˆk′ , aˆ
†
k
}
=
{
bˆk′ , bˆ
†
k
}
= δk′k1. (12)
Here {ψ1k} forms a complete set of orthogonal mode func-
tions of the fermionic field in region I.
4When the field transforms from region I to region II
at t = 0, the set of mode functions {ψ1k} transforms to{ψ2k}. Then we have the Bogoliubov transformation from
region I to region II, namely
ψ2k′ =
∑
k
Fk′kψ
1
k, ψ
1
k =
∑
k′
F ∗k′kψ
2
k′ , (13)
where
Fk′k :=
(
ψ2k′ , ψ
1
k
)
(14)
is called the Bogoliubov coefficient, and(
ψ1, ψ2
)
(15)
denotes the Dirac inner product [6].
In our work, Fk′k is expanded in terms of the pertur-
bative variable
h := aL, (16)
where
L = x2 − x1 (17)
is the proper length of the cavity, up to h2 as
Fk′k = F
(0)
k′k + F
(1)
k′k + F
(2)
k′k +O(h3). (18)
Coefficients in (18) have been calculated in details [23],
where k and k′ are mode labels.
As the motion of the cavities in regions I and III is
related by a Lorentz transformation, there is a Lorentz
symmetry between regions I and III, so the transforma-
tion between regions II and III is simply the inverse trans-
formation F−1. We choose the same phase conventions
for region III solutions at η = η1 as region I solutions are
at η = 0 (we set the phase at η = 0 to be 0). The phases
acquired by the Rindler modes in region II are accounted
for by a diagonal matrix G(η1), where the nth diagonal
entry of the matrix is
Gn(η1) = exp (iΩnη1) = exp
ipi(n+ s)η1
ln (x2/x1)
, (19)
and s ∈ [0, 1) is a parameter characterizing the phase
shifts of reflection from the two walls of the cavity.
Overall, the whole Bogoliubov transformation from re-
gion I to region III is represented by
F = F−1G(η1)F = F †G(η1)F. (20)
Therefore, the transformation of fermionic fields from re-
gion I to region III is
ψ3k′ =
∑
k
Fk′kψ1k, ψ1k =
∑
k′
F∗k′kψ3k′ , (21)
where Fk′k can also be expanded perturbatively in h as
Fk′k = F(0)k′k + F
(1)
k′k + F
(2)
k′k +O(h3). (22)
with
F(0)k′k = δk′kGk, (23a)
F(1)k′k = (Gk′ −G∗k)F (1)k′k, (23b)
F(2)kk = GkF
(2)
kk + F
∗(2)
kk Gk +
∑
k′
F
∗(1)
k′k Gk′F
(1)
k′k. (23c)
by using Eq. (20) and the coefficients in Eq. (18). Since
our calculation below doesn’t include F(2)k′k (k′ 6= k), we
just show the expansion of F(2)kk here.
For specific calculations to come, we consider the Bo-
goliubov transformation of the vacuum and one-particle
states inside the cavity from region I to region III, which
was used to study how entanglement is affected due to
relativistic motion with quantum information encoded
in fermionic modes [17, 23]. First, we suppose that all
the modes chosen in our calculations are positive modes.
Vacuum state in region I is denoted by |0〉1, then the one-
particle state is |1k〉1 = aˆ†k |0〉1. When the cavity stops
accelerating at η = η1 and moves uniformly in region III,
we denote vacuum state of the field inside it by |0〉3, and
the one-particle state is |1k〉3 = dˆ†k |0〉3, where dˆ†k is the
creation operator in region III.
When k ≥ 0 and other modes except k are in vacuum
states initially, by tracing out these modes except k (de-
noted by ¬k), we get the transformation of the vacuum
and one-particle states of the field from region I to re-
gion III as [23]
Tr¬k |0〉1 〈0| =
(
1− f−) |0k〉3 〈0k|+ f− |1k〉3 〈1k| ,
(24a)
Tr¬k |0〉1 〈1k| =
(
Gk + F(2)kk
)
|0k〉3 〈1k| , (24b)
Tr¬k |1k〉1 〈1k| = (1− f+) |1k〉3 〈1k|+ f+ |0k〉3 〈0k| ,
(24c)
where
f+ =
∑
l≥0
∣∣∣F(1)lk ∣∣∣2 = ∑
l≥0
|e2piiu(k−l) − 1|2
∣∣∣F (1)kl ∣∣∣2 , (25a)
f− =
∑
l<0
∣∣∣F(1)lk ∣∣∣2 , (25b)
and
u =
η1
2 ln (x2/x1)
=
η1
2 ln[(a · L+ 2)/(2− a · L)] . (26)
Here u is a factor related to acceleration of the cavity,
where a = 2/(x1 + x2) is the proper acceleration of the
center of the cavity, and L (17) is the length of the cavity.
III. APPROACH
In this section, we develop a relativistic protocol for
uncertainty game by employing the evolution of fermionic
5fields inside cavities moving with the trajectories of BBB
to a protocol revealing uncertainty relation in entangled
tripartite system, as depicted in Fig. 2.
Four agents, Alice, Bob, Charlie and a dealer, enact
our protocol. At first, a dealer takes three cavities with
one spinless fermionic field inside each cavity and pre-
pares a tripartite entangled state with one mode in each
cavity. Then the dealer delivers the three cavities to Al-
ice, Bob and Charlie respectively, and tells them their
tasks, including how long Bob and Charlie should accel-
erate and when Alice should apply measurements. After
t = 0, Bob and Charlie both accelerate, which is shown
in region II. Then they stop accelerating at the time they
are told.
When they stop accelerating, Alice stays in her lab,
takes two detectors that can measure M1 and M2 re-
spectively out, and chooses one of them to perform a
measurement to the mode in her cavity. Then she broad-
casts her choice of the measurement to Bob and Charlie
while keeping outcome of the measurement secretly. Af-
ter that, Bob and Charlie play a game against Alice with-
out communication between themselves, from which they
win only if both of them guess the outcome correctly. The
game rule is that, Bob performs the measurement to his
own cavity after Alice detects M1, and Charlie performs
the measurement to her own cavity after Alice detects
M2. Also, the protocol needs to be repeated for many
rounds so that each of Bob and Charlie gets a distribu-
tion of their inferences.
The lower bound of the uncertainty relation is a limit to
the ability for Bob and Charlie to both of them correctly
inferring Alice’s outcome. Here we introduce a new lower
bound of multiple uncertainty relation in terms of Holevo
quantities by generalizing (7). Contrary to a previous
state-independent bound like (6), our bound reveals how
acceleration affects uncertainty. The difference between
joint uncertainty and our new bound is independent of
acceleration of memories.
Suppose N + 1 physical systems share an multipartite
entangled state. One agent applies measurement and the
other N agents act as quantum memories Ei. The mul-
tiple uncertainty relation conditioned on quantum mem-
ories is
N∑
i
H (Mi|Ei) ≥ B −
N∑
i
J (Ei|Mi), (27)
where J (Ei|Mi) is the Holevo quantity (8), and B is a
state-independent lower bound, which have been well-
studied [27–29]. Detailed derivations of Eq. (27) are in
the Appendix §A. Specially, for the tripartite system Al-
ice shares with Bob and Charlie, we choose the easiest B
as log 1c and the uncertainty relation is
H (M1|B) +H (M2|C)
≥ log 1
c
− J (B|M1)− J (C|M2), (28)
where it reveals the uncertainty game we have introduced
ct
x
ψ3k1
ψ1k1
M1
M2
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m
M1/M2
ψ3k2
ψ1k2
η = η1
ψ1k3
ψ3k3
Alice
Bob
Charlie
Dealer
xB1 xB2 xC1 xC2
FIG. 2. The relativistic protocol with four agents Alice, Bob,
Charlie and a dealer. ψ1k1 , ψ
1
k2
and ψ1k3 are mode functions in
cavities of Alice, Bob and Charlie respectively in region I, and ψ3k1 ,
ψ3k2 and ψ
3
k3
are mode functions in their cavities in region III. M1
and M2 are observables Alice can randomly choose to measure at
mode ψ3k1 in her cavity, and m is the outcome she should keep
secretly. The waves are electromagnetic broadcastings of Alice’s
choice to Bob and Charlie, but Bob and Charlie are not allowed
to communicate in region III. The blue and green curves stand for
accelerating processes of Bob and Charlie’s cavities in region II
before Rindler time η1. Note that xB2 −xB1 is the length of Bob’s
cavity and xC2 − xC1 is the length of Charlie’s cavity.
above. According to monogamy of tripartite entangle-
ment, if the distribution of Bob’s inference to Alice’ out-
come of M1 is correct, then Charlie cannot produce a
precise distribution to infer Alice’ outcome of M2.
IV. RESULTS
Here we suppose the dealer prepares a W state
|ψ0〉ABC =
1√
3
( |1k10k20k3〉1
+ |0k11k20k3〉1 + |0k10k21k3〉1
)
(29)
for Alice, Bob and Charlie initially in region I. Then Alice
stays at rest while Bob and Charlie move in the trajecto-
ries of BBB. From region I to region III, the modes entan-
gled inside Alice, Bob and Charlie’s cavities experience
a Bogoliubov transformation and the initial state (29)
transforms to a mixed state ρABC. We calculate ρABC by
substituting (24) into (29). Finally, when all of the three
agents are in region III, Alice chooses to measure either
M1 or M2 on her mode inside her cavity and broadcasts
her choice to Bob and Charlie.
6From the Jordan-Wigner transformation, we know
fermions can be mapped to a spin chain. However, map-
pings between fermions and qubits are possible only for
a few states due to superselection rules and other restric-
tions discussed in Ref. [30]. We note that W state is a
special case which does not violate these restrictions, as
we show in Appendix §B. Therefore, we can consider the
fermionic modes in W state as qubits, and set M1 and
M2 to be Pauli operators.
In general, due to the Jordan-Wigner transformation,
Pauli operators are not local in fermionic system. How-
ever, as only Alice’s mode undergoes Pauli measurement,
we can ignore the nonlocal phase here. The Pauli oper-
ators in our paper represent measurements of superposi-
tion of particle numbers, where if we measure σz we can
get 0 for "no particle" and 1 for "one particle", and if we
measure σx or σy we can get phase of the superposition
of "no particle" and "one particle". When Alice applies a
measurement to σx, ρABC changes to a post-measurement
state
ρσxBC =
∑
i=+,−
(Πi ⊗ 1⊗ 1)ρABC(Πi ⊗ 1⊗ 1), (30)
where Π± = |±〉 〈±| are projections onto the eigenvec-
tors of σx at subsystem A. Suppose Charlie guesses the
outcome when Alice measures σx, and it’s Bob’s turn
to guess when Alice measures σy. To calculate the con-
ditional entropy H(σx|C), we express ρσxC in the basis
{|00〉 , |01〉 , |10〉 , |11〉} by tracing out subsystem B as
ρσxC =
1
6

2− f¯k3 0 0 Fk3
0 1 + f¯k3 F∗k3 0
0 Fk3 2− f¯k3 0
F∗k3 0 0 1 + f¯k3
 , (31)
where
f¯k3 = −f+k3 + 2f−k3 , Fk3 = Gk3 + F
(2)
k3k3
. (32)
Here ρσxC has four eigenvalues
λ1 = λ2 =
3−
√
1− 4f¯k3 + 4f¯2k3 + 4F2k3
12
, (33a)
λ3 = λ4 =
3 +
√
1− 4f¯k3 + 4f¯2k3 + 4F2k3
12
. (33b)
Then we calculate
H(σx|C) =H(ρσxC)−H(ρC)
=2H (λ1) + 2H (λ3)−H
(
2− f¯k3
3
)
−H
(
1 + f¯k3
3
)
. (34)
Similarly, we calculate H(σy|B) by obtaining post-
measurement state ρσyB with the same method as (31).
Bound
ub uc
;
FIG. 3. The change of lower bound of the uncertainty relation
with the lengths of cavities and accelerating time are fixed. Here
ub and uc are acceleration factors for cavities of Bob and Charlie.
In this plot, we have set h = 0.1 and chosen k2 = 2, k3 = 1, and
for massless fermionic fields s2 = s3 = 12 [23].
After that, the lower bound of the uncertainty rela-
tion (28) is evaluated by
H(σx|C) +H(σy|B)−H(σx)−H(σy) + log 1
c
. (35)
Our result is shown in Fig. 3, the bound of the uncer-
tainty relation evolves as a periodic function of the ac-
celeration factors ub and uc, for which the expression has
been shown in (26). We note that when u = 1, the to-
tal phase rotation caused by Bogoliubov transformation
returns to integral multiples of 2pi and increase of the
bound due to acceleration is canceled.
V. DISCUSSION
We have presented a relativistic protocol revealing en-
tropic uncertainty relation with multiple quantum mem-
ories with fermionic quantum fields localized in cavities.
On the one hand, we obtain a new mathematical ex-
pression of entropic uncertainty relation with multiple
quantum memories (27), where the difference between
uncertainty and its bound remains independent of accel-
eration. On the other hand, we formulate a relativistic
protocol with localized quantum fields to show how accel-
eration of memories affects the bound of the uncertainty
relation. However, the final result cannot be calculated
analytically. We present a numerical plot on the change
of bound of the uncertainty relation with two memories
in Fig. 3.
As depicted in Fig. 3, the function of the bound is
a two-dimensional plot, which relates to two variables
ub and uc with expression of (26). (26) is a function
of three variables: time of acceleration η1, acceleration
7of the memory and length of the cavity. It means that
the uncertainty bound is not only limited by acceleration
and time for accelerating but also the length of cavity.
Moreover, when we take accelerating time η1 to 0, the
LHS of Eq. (28) is 1.26 and the bound is 0.26, which
corresponds to the points of ub = uc = n, n ∈ N in the
plot. At these points we have the smallest uncertainty as
the state inside cavities remains a W state.
There are two limitations in our relativistic protocol.
First, although we envision the potential implementation
of our model using a spin-polarized fermion trapped by
optical lattices across three cavities, a fully developed
physical realization has not been achieved so far. Second,
acceleration of agents should be small so that we can
evaluate the Bogoliubov transformation of the state in
cavities by perturbation methods.
VI. CONCLUSION
Our aim is to investigate the change of entropic un-
certainty relation with multiple quantum memories in
non-inertial frames with quantum information localized
in cavities. Here we merge the model of a fermionic field
inside a cavity [23] and the lower bound of the uncertainty
relation with Holevo quantities in non-inertial frames [15]
together. We have formulated a relativistic protocol re-
vealing effects to uncertainty bound under accelerating
motions, and offered a new state-dependent lower bound
of the uncertainty relation in terms of Holevo quantities
with quantum information stored in accelerating quan-
tum memories.
In tripartite systems, the lower bound of the en-
tropic uncertainty relation limits monogamy of entangle-
ment [3]. In our work, the new lower bound (27) is de-
pendent on the tripartite state, which is affected during
acceleration. Therefore, the result in Fig. 3 also reveals
the change of entanglement monogamy during accelera-
tion of quantum memories. In further researches, our rel-
ativistic protocol can be applied to studying monogamy
relations in non-inertial frames.
Finally, our work could help us to understand fun-
damental puzzles like the black-hole firewall paradox
clearly. This paradox recognizes that the postulate of in-
formation conservation implies Hawking radiation should
be pure, which means the late radiation is fully entangled
with the early radiation, and the postulate of the absence
of drama for the infalling observer implies that she is fully
entangled with the late radiation outside the horizon.
However, if both postulates are right, then monogamy
of entanglement is violated. Thus, a firewall should ex-
ist behind the horizon, once the infalling observer goes
beyond the horizon, entanglement between she and ob-
servers outside the horizon will be killed [4]. To explore
which postulates are right and whether there is a firewall,
we can present the relativistic protocol of entropic uncer-
tainty relation near the horizon of a black hole. This can
give a prediction as to whether the monogamy is violated
according to the violation of lower bound of the uncer-
tainty relation.
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Appendix A: Derivation of the multiple uncertainty
bound (27)
For N + 1 quantum systems, we choose to measure
Mi ∈ Mn×n(C), where Mn×n(C) is the n × n matrix
space, at one subsystem A and the rest N systems are
regarded as quantum memories. The conditional entropy
for the ith memory Ei is
H (Mi|Ei) = H(ρMiEi)−H (ρEi) , (A1)
where ρMiEi ∈ Mn2×n2(C) is the post-measurement
state of subsystems A and Ei, as introduced in (2). To
make derivation more clear, ρMiEi is expanded to
ρMiEi =
n∑
j
pij |vij〉 〈vij | ⊗ ρjEi , (A2)
where |vij〉 is jth eigenvector ofMi, pij is the possibility to
get |vij〉 when we measure Mi for the state of the system
ρA ∈Mn×n(C), and ρjEi ∈Mn×n(C) is the final state of
memory system Ei when the measured state of system A
is |vij〉. According to the joint entropy theorem [31] we
have
H(ρMiEi) = H(Mi) +H(ρEi|Mi). (A3)
Similar to the derivation for the bound in bipartite
systems [15], we define a reduced density matrix ρEi|uij ∈
Mn×n(C) which satifies
H(ρEi|Mi) =
n∑
j
Tr(〈vij | ρMiEi |vij〉)×H(ρEi|vij ), (A4)
where
ρEi|vij = 〈v
i
j | ρMiEi |vij〉 /Tr(〈vij | ρMiEi |vij〉). (A5)
Thus, we define a Holevo quantity
J (Ei|Mi) = H (ρEi)−
n∑
j
Tr(〈vij | ρMiEi |vij〉)×H(ρEi|vij )
(A6)
8similar to the Holevo bound [31]. By taking H(Mi) =∑n
j H(p
i
j) and (A6) into (A1), we rewrite (A1) as
H (Mi|Ei) =
n∑
j
H(pij)− J (Ei|Mi). (A7)
According to the derivation above, the total entropy is
N∑
i
H (Mi|Ei) =
N∑
i
H(Mi)−
N∑
i
J (Ei|Mi), (A8)
with
N∑
i
H(Mi) ≥ B, (A9)
where the lower bound B is state-independent and it has
been introduced in §III. We can derive Eq. (27) by ap-
plying (A9) to (A8).
Appendix B: Restrictions for fermion-qubit mapping
in tripartite systems
Friis et al. discussed the limitation of situations for
mappings between fermion and qubit in Ref. [30]. They
argue that the mapping is coincidentally valid for all sys-
tems with two fermionic modes when charge superselec-
tion rule is respected. However, for tripartite systems
with beyond two fermionic modes, the restrictions can-
not be satisfied in general cases even if the superselection
rule holds. The general form of a mixed state with three
modes is given by
ρk1k2k3 =µ1 |0〉 〈0|+ µ2 |1k3〉 〈1k3 |
+ µ3 |1k2〉 〈1k2 |+ µ4 |1k2〉 |1k3〉 〈1k3 | 〈1k2 |
+ µ5 |1k1〉 〈1k1 |+ µ6 |1k1〉 |1k3〉 〈1k3 | 〈1k1 |
+ µ7 |1k1〉 |1k2〉 〈1k2 | 〈1k1 |
+ µ8 |1k1〉 |1k2〉 |1k3〉 〈1k3 | 〈1k2 | 〈1k1 |
+ (ν1 |1k3〉 〈1k2 |+ ν2 |1k3〉 〈1k1 |
+ ν3 |1k2〉 〈1k1 |+ ν4 |1k2〉 |1k3〉 〈1k3 | 〈1k1 |
+ ν5 |1k2〉 |1k3〉 〈1k2 | 〈1k1 |
+ ν6 |1k1〉 |1k3〉 〈1k2 | 〈1k1 |+ H.c) .
(B1)
According to the consistency conditions to construct the
reduced density matrices with two modes introduced in
Ref. [30], pairs {ν1, ν6} and {ν3, ν4} should have the same
signs, while pair {ν2, ν5} should have opposite signs.
Here, we calculate the density matrix of fermionic
modes in cavities in region III after acceleration in
Secs. IV. Taking (24) into (29), we can evaluate ρ3k1k2k3
in region III, and parameters {ν1, ν2, ν3, ν4, ν5, ν6} are
ν1 = Fk2F∗k3 , ν6 = 0 , (B2a)
ν2 = (1− f−k2)F∗k3 , ν5 = −f−k2F∗k3 , (B2b)
ν3 = F∗k2(1− f−k3) , ν4 = F∗k2f−k3 , (B2c)
where 0 ≤ f−k2 , f−k3 ≤ 1 and Fk2 ,Fk3 ∼ −0.99i. From
(B2) it is easy to find that the W state is a special case
where three fermionic modes can be consistently mapped
to tripartite qubits without violating the restrictions.
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